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Thréé-DimensiOnal Incompressible Navier-Stokes‘ Solver
Using Lower-Upper Symmetric-Gauss-Seidel Algorithm

SeokkwaﬁYoon* and Dochan Kwakt
NASA Ames Reseqrch Center, Moffett Field, California

Abstract

" NUMERICAL method based on the pseudocompres-

sibility concept is developed for solving the three-dimen-
sional incompressible Navier- Stokes equations using the
lower-upper symmetric-Gauss-Seidel implicit scheme. Very
high efficiency is achieved in a new flow solver, INS3D-LU
code, by accomplishing the complete vectorizability of the
algorithm on oblique planes of sweep in three dimensions.
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A difficulty arises. in solving the inicompressible Navier-
Stokes equations because the pressure and velocity fields are
not directly coupled due to the lack of a pressure term in the
continuity equation. Instead, the continuity equation imposes
a divergence-free constraint on the veloeity field. The lack of
a time-derivative term in the continuity equation limits the
straightforward application of time-marching numerical meth-
ods. One way to avoid this difficulty is the uise of a streamfunc-
tion-vorticity formulation whose extension to three dimen-
siohs is. not straightforward. The method using the Poisson
equation for pressure and the fractional-step method, which
have been used widely for three-dimensional flows, tend to be
computatlonally expensive. An alternative way is to use the
concept of pseudocompressibility.! Then the efficiency of the
pseudocompressibility method depends on a time-marching
scheme to integrate the resulting system of partial differential
equations, Recently, an efficient implicit algorithm was de-
rived for the compressible Euler and Navier-Stokes equations
by Yoon and Jameson.?2 The lower-upper symmetric-Gauss-
Seidel (LU-SGS) implicit method proved useful for hypersonic
flows®S as well as for transonic flows. In this paper, the
LU-SGS scheme is developed for the pseudocompressibility
formulation of the three-dimensional incompressible Navier-
Stokes equations. The present algorithm offers additional ad-
vantages when solving the incompressible flow equations with
fully implicit. treatment of source terms.5

Let ¢ be time; p, u, v, and w the pressure and velocity
components in Cartesian coordinates (x,7,z); O the vector of
prlmmve varlables, E, F and G convective flux vectors: and
E,, F,, and G, the flux vectors for the viscous terms. Intro-
ductioni of .the pseudocompressibility ‘after the coordinate
transformation gives the incompressible Navier-Stokes equa-
tions for ‘three-dimensional flow in generalized curvilinear
coordinates (£,9,()

30 +3(E—E))+03,(F-F,)+3.(G-G,)=0 )
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and where § is the pseudocompressibility parameter, U, V,
and W are the contravariant velocity components, and the cell
volume # is the determinant of the inverse of transformation
Jacobian matrix. An unfactored implicit scheme can be ob-
tained from 4 nonlinear implicit scheme by linearizing the flux
vectors about the previous time stép and dropping terms of the
second and higher order:

[1+aAt(D;A +D,B +D;C)|60
= ~Al[D(E~E)+D(F-F)+D(6~G)] ()

where 1 is the identity matrix, 6Q is the correction ¢7+!~Q",
where n denotes the time level, D, D, ‘and D; are difference
operators that approx1mate 3¢, 8,, and d;, and A, B, and C are
the Jacobian matrices of the convective flux vectors:
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Matrices B and C are similarly derived. For a = !4, the scheriie
is second-order accurate in time. For other values of «, the
timé accuracy drops to first order.

Direct inversion of a large block banded matrix of the iinfac-
tored scheme Eq. (3) is impractical in three dimensions because
of rapid increase of operation count with the number of mesh
points and large storage requirement. To alleviate this diffi-
culty, much research work has been focused on indirect meth-
ods. MacCormack’ introduced back-and-forth symmetric
sweeps into the line Gauss-Seidel relaxation method. The line
symmetric-Gauss-Seidel (SGS) relaxation method achieved
fast convergence rates for certain problems by taking large
time steps. However, the line Gauss-Seidel method is not vec-
torizable because of its recursive nature, resulting in a large
CPU time per iteration. Although the situation can be relieved
somewhat by storing all the Jacobian matrices in the domain
at the expense of large storage requirements, the structure of
algorithm that does not fit into the architecture of current and
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future supercomputers let many researchers stay with the
approximate factorization methods. One of the popular ap-
proximate factorization methods is the Alternating Direction
Implicit (ADI) scheme whose large factorization error further
limits the time step, which is already restricted by the stability.
It has been shown that the factorization error can be reduced
by LU factorization.® The LU-SGS implicit factorization
scheme can be derived by combining the advantages of LU
factorization and SGS relaxation. The scheme resembles the
LU factorization scheme. However, diagonal preconditioning
increases the robustness, while scalar diagonal inversion is
possible without using a diagonalization procedure. The
scheme is also similar to the line SGS relaxation scheme with
single subiteration. However, no additional relaxation or fac-
torization is required on planes of sweep. Moreover, both
central and upwind difference schemes can be used without
losing the diagonal dominance. The LU-SGS scheme can be
written as

LD'USQO = —AtR ®)

where

L=I+aAt(Dy A*+D;B*+D C*-A-—B--C")
D=I+aA(A*—A +B*—B-+C*-C")
U=I+adt(DfA-+DB-+DC~+A*+B++C)
R =DE(E—EV)+Dn(F—FVj+D;(G—Gv) (6)

where D;” and D;" denote backward and forward difference
operators. In the framework of the LU-SGS algorithm, a vari-
ety of schemes can be developed by different choices of numer-
ical dissipation models and Jacobian matrices of the flux vec-
tors.> For example,

A* =T A T7! )

where T; and 7;! are similarity transformation matrices of
eigenvectors. Another possibility is to construct the Jacobian
matrices of the flux vectors approximately to yield diagonal
dominance:

A* = 1[4 xp(A)I] ®)
and

p(A) = kmax[|NA)|] ©)
where M(A) represent eigenvalues of Jacobian matrix Aand«

is a constant that is greater than or equal to 1. The diagonal
matrix of eigenvalues is

U 0 0 0
i) 0 U 0 0
= 10
0 0 U+¢C 0 (10)
0 0 0 U-C
where Cg is the pseudospeed of sound:
C:=VU+BE+E+£) ay

It is interesting to note that the need for block inversions can
be eliminated if we use approximate Jacobian matrices of
Eq. (8). The use of true Jacobian matrices of Eq. (7), which
might lead to a faster convergence rate, requires block diago-
nal inversions and hence doubles the computational work per
iteration. Another interesting feature of the present algorithm
is that the scheme is completely vectorizable on i+j+k =
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Table 1 Performance on Cray YMP
(CPU seconds per grid point per iteration)

Code Algorithm CPU, us MFLOPS Note

INS3D-LU LU-SGS 7 150
INS3D ADI 30 55 diagonal
INS3D ADI 81 35 block
INS3D-UP  Line GS 90 55
i
e) = P(i, j, k)
F—— i

¥

K Fig. 1 Oblique plane of sweep for vectorization.

const oblique planes of sweep. The plane is illustrated in Fig.
1. To achieve this potential, the INS3D-LU code is written
using two-dimensional arrays in three dimensions, that is,

Q(ipoint, iplane) = Q(i,j k) (12)

where i plane is the serial number of plane of sweep, and i/
point is the address on that plane. The present algorithm may
also be amenable to massively parallel processing. Complete
vectorizability of the algorithm is demonstrated by the com-
puting times per grid point per iteration of the code on single
processor of Cray YMP computer. CPU seconds as well as
MFLOPS are compared to existing incompressible Navier-
Stokes codes in Table 1. As the table shows, the code needs
only 7 us for the full Navier-Stokes equations in three-dimen-
sional generalized coordinates. Excellent agreement between
numerical solutions and the experimental data for a square
duct with a 90-deg bend was observed.® The robustness of the
new method and the code is demonstrated with the application
to the liquid-oxygen turbopump inducer flow of the Space
Shuttle main engine.®
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